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Abstract: In this paper we discuss the relation between the (1+1)D nonlinear Schro¨dinger
equation and the KdV equation. By applying the boson/vortex duality, we can map
the classical nonlinear Schro¨dinger equation into the classical KdV equation in the small
coupling limit, which corresponds to the UV regime of the theory. At quantum level, the
two theories satisfy the Bethe Ansatz equations of the spin-12 XXX chain and the XXZ
chain in the continuum limit respectively. Combining these relations with the dualities
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Yang-Mills-Higgs theory.
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1 Introduction
The (1+1)D nonlinear Schro¨dinger equation (NLS) and the Korteweg-de Vries equation
(KdV) are two well-studied and intimately related integrable models. They share many
properties both at the classical level and at the quantum level. Some previous studies
have found their relation in some limits. For instance, it is known that using a certain
Ansatz the nonlinear Scho¨dinger equation can be approximated by the KdV equation [1].
In this paper, we would like to pursue their relation from some new perspectives, e.g. the
boson/vortex duality [2–5].
In principle, the nonlinear Schro¨dinger equation can be generalized to the dimensions
other than (1+1)D. The (3+1)D nonlinear Schro¨dinger equation is also called the Gross-
Pitaevskii equation. It was shown in Refs. [2, 3] that using the boson/vortex duality one
can map the Gross-Pitaevskii equation into an effective closed string theory. Recently, in
Refs. [4, 5] this (3+1)D duality was generalized to include boundaries, and the dual theory
is an effective open string theory. The same steps can be repeated in (1+1)D, however,
instead of an effective string theory the dual theory is another scalar field theory, and
the bulk equation of motion in a certain limit becomes the KdV equation. Therefore, the
boson/vortex duality helps us relate two apparently different integrable models.
At quantum level, the quantum KdV equation was first studied in Ref. [6], where it
was shown that the quantum KdV equation can be obtained from a conformal field theory.
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Later, the Bethe Ansatz equation for the quantum (modified) KdV equation was found
in Refs. [7–9], which can be viewed as the continuum limit of the spin-12 XXZ chain. On
the other hand, it was known before that the quantum nonlinear Schro¨dinger equation can
be viewed as the continuum limit of the spin-12 XXX chain [10, 11]. Hence, in the small
anisotropy limit of the spin-12 XXZ chain or equivalently in the UV regime, the Bethe
Ansatz equations of the quantum KdV equation and the quantum nonlinear Schro¨dinger
equation coincide.
Besides the relations among integrable models, in recently years people have also found
many relations between integrable models and gauge theories. In particular, in Refs. [12, 13]
it was found that the quantum nonlinear Schro¨dinger equation is dual to the 2DN = (2, 2)∗
topological Yang-Mills-Higgs theory, which was constructed in Ref. [14]. Therefore, we can
propose a duality web among these two theories and the KdV equation in the UV regime.
There are some alternative ways of obtaining the KdV equation. One possible way is to
take the hydrodynamic limit of the elliptic Calogero model, in which the particle number
N → ∞. The interaction of the obtained theory has both real periods and imaginary
periods. By taking different limits of the imaginary periods, one obtains the Benjamin-Ono
equation (BO) and the KdV equation [15]. One can also consider the elliptic generalization
of the BO equation, which is the intermediate long wave eqation (ILW). The Bethe Ansatz
equation of the ILW equastion was studied in Ref. [16]. Recently, it was also proposed to
use the Bethe/Gauge correspondence to study the ILW equation, whose dual theory is a
6-dimensional supersymmetric gauge theory [17, 18]. Although in this way, one can obtain
the same Bethe Ansatz equation as in Ref. [16], at the moment it is still not very clear how
to obtain the quantum KdV equation by taking an appropriate limit.
This paper is organized as follows. In Section 2 we briefly review some known facts
about the classical nonlinear Schro¨dinger equation and the classical KdV equation. After
generalizing the boson/vortex duality to the (1+1) dimensions, we discuss that the bulk
equation of motion for the dual theory becomes the classical KdV equation in a certain
limit. The previously known relation between these two theories in the literature will also
be recalled. In Section 3, we move on to the discussion of the quantum case. We start
with a review on the known facts about the quantum KdV equation. After that we discuss
how the quantum KdV equation and the quantum nonlinear Schro¨dinger equation can be
viewed as the continuum limits of the spin-12 XXZ chain and XXX chain respectively. In
Section 4, we attach the KdV equation to the previously established relation to form a
duality web among the nonlineaer Schro¨dinger equation, the KdV equation and the 2D
N = (2, 2)∗ topological Yang-Mills-Higgs theory. Finally, we discuss some open problems
in Section 5.
2 Classical NLS and KdV
In this section, we would like to discuss the (1+1)D classical nonlinear Schro¨dinger equa-
tion and the classical KdV equation as well as their relations. It is known previously in the
mathematical literature that one can obtain the classical nonlinear Schro¨dinger equation
from the classical KdV equation using a certain Ansatz. As we will discuss in this sec-
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tion, it turns out that the so-called boson/vortex duality can map the classical nonlinear
Schro¨dinger equation back into the KdV equation in a quite unexpected way.
2.1 Review of the Theories
Before we discuss the relation between the classical nonlinear Schro¨dinger equation and
the classical KdV equation, let us briefly review these theories in this subsection.
The (1+1)D nonlinear Schro¨dinger equation (NLS) is
i∂tφ = −1
2
∂2xφ+ 2c(φ
∗φ)φ . (2.1)
The Hamiltonian of the theory is given by
H =
∫
dx
[
1
2
∂φ∗
∂x
∂φ
∂x
+ c (φ∗φ)2
]
, (2.2)
where the field φ has the Poisson structure
{φ∗(x), φ(x′)} = δ(x− x′) . (2.3)
In (1+1)D, this theory is integrable both at the classical level and at the quantum level.
For the attractive interaction, i.e. c < 0, the nonlinear Schro¨dinger equation has the
so-called bright soliton solution. In the literature it was known that for the attractive
interaction, the quantum N particles become N solitons when N is large [19, 20]. Let us
briefly recall some facts in the following.
A bright soliton solution to the nonlinear Schro¨dinger equation (2.1) is given by
φ =
√
|c|
2
sech(|c|(x− x0)) exp
(
i
2c2
t
)
. (2.4)
One can also generalize this solution to the N coincident solitons, which is
φ = N
√
|c|
2
sech(|c|N(x− x0)) exp
(
iN2
2c2
t
)
. (2.5)
The general N -soliton solution can be found using the inverse scattering method [21].
When the N solitons are well-separeted, the solution is given by [22]:
φ(x, t) =
N∑
j=1
uj(x, t) , (2.6)
where
uj(x, t) = Aj sech (Aj(x− xj) + qj) ei(Φj+ψj) , (2.7)
with xj = x
0
j + pjt and ψj = ψ
0
j + pjx+ t(A
2
j − p2j )/2 denoting the position and the phase
of the i-th soliton respectively. Aj is the size, while Φj and qj are the phase shift and the
collisional position shift respectively. They satisfy
qj + iΦj =
∑
k 6=j
sgn(xk − xj) ln
[
Aj +Ak + i(pj − pk)
Aj −Ak + i(pj − pk)
]
, for j = 1 , · · · , N . (2.8)
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For the repulsive interaction, i.e. c > 0, one can consider a constant background, and
the nonlinear Schro¨dinger equation (NLS) (2.1) is modified as
i∂tφ = −1
2
∂2xφ+ 2c(φ
∗φ)φ− 2cφ . (2.9)
It has the so-called dark soliton solution:
φ = tanh(
√
2cx) . (2.10)
By doing a Galilean boost, one can also obtain the moving grey soliton solution.
The Korteweg-de Vries equation (KdV) is another well-known (1+1)D integrable model.
It can be written as
ut + 6uux + uxxx = 0 , (2.11)
where the subscripts denote the derivatives. It has the simple soliton solution:
u =
k21
2
sech2
[
1
2
(
k1x− k31t+ η(0)1
)]
, (2.12)
where k1 and η
(0)
1 are constants. To find its N -soliton solution, one can apply the finite
pole expansion [23, 24]:
u = −2
N∑
i=1
1
(x− xi(t))2
. (2.13)
Plugging this Ansatz into Eq. (2.11), one obtains
N∑
i=1
−2
(x− xi)3
−x˙i − 12 N∑
j=1, j 6=i
1
(x− xj)2
 = 0 . (2.14)
By setting x = xI +  ( → 0) and imposing that the terms ∼ 1/3, ∼ 1/2 vanish, one
obtains
x˙I = −12
N∑
j=1, j 6=I
1
(xI − xj)2 , (2.15)
and
N∑
j=1, j 6=I
1
(xI − xj)3 = 0 . (2.16)
These equations correspond to an N -body system given by the Hamiltonian
H =
1
2
N∑
i=1
x˙2i +
122
2
∑
i
∑
j 6=i
1
(xi − xj)4 . (2.17)
Through the so-called Miura transformation, the KdV equation can also be brought
into the modified KdV equation (mKdV). If we start with the KdV equation (2.11):
ut + 6uux + uxxx = 0 , (2.18)
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and changing the sign u→ −u leads to
ut + uxxx = 6uux . (2.19)
The Miura transformation
u = ∂xv + v
2 (2.20)
maps the special form of the KdV equation (2.19) into the defocusing mKdV equation:
vt + vxxx = 6v
2vx . (2.21)
A different Miura transformation
u = ∂xv + iv
2 , (2.22)
relates the focusing mKdV equation:
vt + vxxx = −6v2vx (2.23)
with the complex KdV equation:
ut + uxxx = 6iuux . (2.24)
2.2 Boson/Vortex Duality
The (3+1)D nonlinear Schro¨dinger equation is sometimes also called the Gross-Pitaevskii
equation, and in principle it can be defined in dimensions other than (3+1)D. It was shown
in Refs. [2, 3] that the (3+1)D Gross-Pitaevskii equation can be mapped into an effective
string theory through the so-called boson/vortex duality. Recently, this duality was also
generalized to include dark solitons as boundaries [4, 5].
In this section we show how to derive the dual theory action from the Gross-Pitaevskii
equation in (1+1) dimensions. The steps are similar to (2+1) dimensions [25] or (3+1)
dimensions [3]. We choose the coordinates (t, z).
Let us start with the (1+1)D Gross-Pitaevskii Lagrangian:
LGP = iφ†∂tφ− 1
2m
(∂zφ
†)(∂zφ)− g
2
(|φ|2 − ρ0)2 . (2.25)
Varying it with respect to φ†, we obtain a version of the Gross-Pitaevskii equation:
i ∂tφ+
1
2m
∂2zφ− g (|φ|2 − ρ0)φ = 0 . (2.26)
Comparing this equation with Eq. (2.9), we can identify the coupling constants g ∼ c. We
can parametrize φ as
φ =
√
ρ eiη , (2.27)
where η is the Goldstone boson, and ρ can be thought of as the Higgs boson. It is easy to
derive
φ† =
√
ρ e−iη ,
∂tφ =
ρ˙
2
√
ρ
eiη +
√
ρ i eiηη˙ ,
∂zφ =
1
2
√
ρ
eiη (∂zρ) +
√
ρ i eiη(∂zη) . (2.28)
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Hence, the original Gross-Pitaevskii Lagrangian (2.25) becomes
L = iρ˙
2
− ρη˙ − ρ
2m
(∂zη)
2 − (∂zρ)
2
8mρ
− g
2
(ρ− ρ0)2 . (2.29)
If we drop the first term as a total derivative, and define
L1 ≡ −ρη˙ − ρ
2m
(∂zη)
2 , (2.30)
L2 ≡ −(∂zρ)
2
8mρ
− g
2
(ρ− ρ0)2 , (2.31)
then the Lagrangian can be written as
L = L1 + L2 . (2.32)
Pay attention to that in Eq. (2.27) the field η takes values in R/2piZ, but now we temporarily
release this condition, and it has values in R. The constraint will be imposed later, which
will bring another piece to the theory.
We see that the term −ρη˙ in L1 is not written in a Lorentz-invariant way. We can
complete ρ to a two-vector fµ = (ρ, f), where ρ is its zeroth component, and f is an
auxiliary field. Next, one can show the following identity:
L1 + m
2ρ
(
f − ρ
m
∂zη
)2
= −ρη˙ + m
2ρ
f2 − f∂zη = −fµ∂µη + m
2ρ
f2 , (2.33)
where
fµ = (ρ, f) , (2.34)
∂µη = (η˙, ∂zη) . (2.35)
If we define the path integral measure to be∫
Df exp
[
i
∫
d2x
m
2ρ
f2
]
= 1 , (2.36)
then
ei
∫
d2xL1 =
∫
Df exp
[
i
∫
d2x
(
L1 + m
2ρ
(
f − ρ
m
∂zη
)2)]
=
∫
D ~f exp
[
i
∫
d2x
(
−fµ∂µη + m
2ρ
f2
)]
. (2.37)
Integrating η out, we obtain
∂µf
µ = 0 , (2.38)
which can be solved locally by
fµ = µνHν (2.39)
with H = dB. Using this expression of fµ, we obtain
m
2ρ
f2 =
m
2ρ
H20 . (2.40)
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To rewrite L2 we first split B into the background part and the fluctuation part:
B = B(0) + b , (2.41)
and correspondingly,
Hν = H
(0)
ν + hν . (2.42)
Since
ρ = f0 = 01H1 = H1 , (2.43)
we can rewrite L2 as
L2 = −(∂zh1)
2
8mρ
− g
2
h21 . (2.44)
Consequently, ∫
DρDη exp
[
i
∫
d2x (L1 + L2)
]
=
∫
DB exp
[
i
∫
d2x
(
−g
2
ηµνhµhν − (∂zh1)
2
8mρ
)]
, (2.45)
where
ηµν ≡ diag
(
m
ρg
, 1
)
. (2.46)
It was discussed in Ref. [3] that, when one is interested in the IR regime of the theory, the
term ∼ (∂zh1)2 can be dropped, because it contributes to the dispersion relation only in
the UV regime:
ω2 = c2sk
2 +
∼ k4
m2
. (2.47)
Hence, to study the IR physics this higher-order term can be dropped, but for our purpose
we will keep this term.
Let us return to the point that the theory should be invariant under η → η+2pi, which
we have not taken into account so far. The difference comes in Eq. (2.37). Now we cannot
simply integrate out η, instead we should split η into two pieces:
− fµ∂µη = −fµ∂µηsingular − fµ∂µηsmooth , (2.48)
where we can only integrate out the smooth part ηsmooth, which still induces the constraint
∂µf
µ = 0 . (2.49)
For the singular part ηsingular due to the existence of vortices, there is
−fµ∂µηsingular = −µν∂νB ∂µηsingular
= B µν∂µ∂νηsingular
= 2piB δ2 (Xµ −Xµ(τ, σ)) , (2.50)
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with Xµ denoting the position of the singularity or the vortex. Formally, one can write
the integral of the equation above as
−
∫
d2x fµ∂µηsingular = µ1
∫
d2xB δ2(Xµ −Xµ(τ, σ)) = µ1
∫
Σα
B . (2.51)
with µ1 = 2pi. Therefore, in the IR regime the theory can be approximately written as∫
DB exp
[
i
∫
d2x
(
−g
2
ηµνhµhν
)
+ iµ1
∫
Σα
B
]
. (2.52)
In order to perform calculations that can be compared with real systems, one can also add
a string tension term like in Refs. [2, 3].
The Gross-Pitaevskii equation, or the nonlinear Scho¨dinger equation, is an integrable
model in (1+1)D. Hence, we expect the integrability also on the dual model side. Therefore,
we would like to study the full dual theory without neglecting the term ∼ (∂zh1)2 as in
Eq. (2.52), and the full effective action is
Seff =
∫
d2x
[
µ1B(x) δ
2(xµ − xµ0 )−
g
2
(
−m
ρg
(∂0B)
2 + (∂1b)
2
)
− (∂
2
1b)
2
8mρ
]
. (2.53)
We will derive the bulk equation of motion and see its classical integrability in the next
subsection.
2.3 Classical Integrability of the Dual Model
Since the (1+1)D nonlinear Schro¨dinger equation is an integrable model both at classical
level and at quantum level, we expect the dual model obtained from the boson/vortex
duality map should also be integrable at least at classical level. In this subsection, we
discuss the classical integrability of the dual model. As we will see, in the weak coupling
limit the dual model is in fact the classical KdV theory written in a less familiar form.
As we discussed in the previous subsection, after the boson/vortex duality map we
obtain a new effective action (2.53):
Seff =
∫
d2x
[
µ1B(x) δ
2(xµ − xµ0 )−
g
2
(
−m
ρg
(∂0B)
2 + (∂1b)
2
)
− (∂
2
1b)
2
8mρ
]
.
We can collect all the terms depending on the fluctuation b:
Leff ⊃ 1
ρ0 + ∂1b
[
m
2
(∂0b)
2 − g
2
(ρ0 + ∂1b)(∂1b)
2 − 1
8m
(∂21b)
2
]
=
1
ρ0 `+ ` ∂1b
[
m`
2
(∂0b)
2 − g
2
(ρ0 `+ ` ∂1b)(∂1b)
2 − `
8m
(∂21b)
2
]
, (2.54)
where ` is a constant with the dimension of length. We choose `, such that
g ρ0 ` = 1 ⇒ ρ0 ` = 1
g
. (2.55)
Consequently, the terms depending on b become
Leff ⊃ 1
g−1 + ` ∂1b
[
m`
2
(∂0b)
2 − 1
2
(
1 +
1
ρ0
∂1b
)
(∂1b)
2 − `
8m
(∂21b)
2
]
. (2.56)
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In the weak coupling limit g → 0, the coefficient outside the bracket in the expression
above is approximately g, and the terms in Eq. (2.56) become
Leff ⊃ g
[
m`
2
(∂0b)
2 − 1
2
(
1 +
1
ρ0
∂1b
)
(∂1b)
2 − `
8m
(∂21b)
2
]
. (2.57)
From these terms we can derive the equation of motion for b in the weak coupling limit
(g → 0):
m`∂20b = ∂
2
1b+
3
ρ0
(∂1b)(∂
2
1b)−
`
4m
∂41b . (2.58)
We then absorb the coefficient m` into the definition of the time t, morover, we can in-
troduce some dimensionful constants on both sides to make the variables (t, x) as well as
the coefficients in front of eacth term dimensionless. For simplicity, we do not write these
constants explicitly, but from now on all the parameters become dimensionless.
Eq. (2.58) can be rewritten as
∂20b = ∂
2
1b+ 2κξ(∂1b)(∂
2
1b) +
ξ
12
∂41b , (2.59)
where
ξ ≡ −3`
m
, κ ≡ − m
2ρ0`
. (2.60)
As discussed above, we can introduce dimensionful constants such that the dimensionless
parameter |ξ|  1. Eq. (2.59) is a Boussinesq-type equation. If we define the following
new variables:
X ≡ x+ t , T ≡ κξt , (2.61)
then Eq. (2.59) can be further brought into the form
bXT = bXbXX +
1
24κ
bXXXX + o(ξ) , (2.62)
where the subscripts denote the derivatives. At the leading order in ξ, the equation above is
just the KdV equation for bX . By rescaling the variables u ≡ bX , X and T , we can bring this
equation into the standard form of the KdV equation given by Eq. (2.11). Hence, we obtain
the (1+1)D KdV equation after applying the boson/vortex duality map to the (1+1)D
nonlinear Schro¨dinger equation in the weak coupling limit (g → 0), and consequently the
dual theory is classically integrable in this limit.
The result that in the weak coupling limit (g → 0) the nonlinear Schro¨dinger equation
can be mapped into the KdV equation through the boson/vortex duality is also consis-
tent with the previous results in the literature. For instance, for the quantum nonlinear
Schro¨dinger equation given by the Hamiltonian (also called the Lieb-Lininger model):
H = − ~
2
2m
N∑
i=1
∂2
∂x2i
+ g
∑
i<j
δ(xi − xj) (2.63)
one can define a dimensionless coupling γ
γ =
m
~2ρ0
g . (2.64)
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Ref. [26] has demonstrated that in the weak coupling (γ  1) and weak dissipation limit
the system is described by the KdV equation.
We should emphasize that in this paper we only consider the dual model in the weak
coupling limit (g → 0). However, the integrability should hold in the full dual model
without approximation.1 Moreover, we only discussed the bulk equation of motion of the
dual model, while in the presence of boundaries the dual model should be described by a
matrix model. These perspectives of the dual model need to be investigated in the future
research.
2.4 KdV as an Approximation of NLS
It was studied in mathematical literature [1] that the KdV equation can also be viewed as
an approximation of the nonlinear Schro¨dinger equation. We briefly review the results of
Ref. [1] in this subsection.
Let us start with the KdV equation (2.11)
∂tu+ 6u∂xu+ ∂
3
xu = 0 .
Next, one can adopt the following Ansatz:
uNLS = A
0
1(X,T ) e
i(k0x+ω0t) + A0−1(X,T ) e
−i(k0x+ω0t)
+ 2A02(X,T ) e
2i(k0x+ω0t) + 2A0−2(X,T ) e
−2i(k0x+ω0t) + 2A00(X,T ) , (2.65)
where
T = 2t , X = (x+ 3k20t) , (2.66)
ω0 = k
3
0 , k0 6= 0 , 0 <  1 , (2.67)
and
A(X,T ) ∈ C , A0−j = A¯0j . (2.68)
Plugging this Ansatz into Eq. (2.11), one obtains the following equations:
k20 A
0
0 = −2A01A0−1 , (2.69)
∂TA
0
1 = −3ik0∂2XA01 − 6ik0(A02A0−1 +A01A00) , (2.70)
k20 A
0
2 = (A
0
1)
2 . (2.71)
After getting rid of A00 and A
0
2 from the equations above, one finally obtains the equation
for A01:
i ∂TA
0
1 = 3k0∂
2
XA
0
1 −
6
k0
A01|A01|2 , (2.72)
which is the (1+1)D nonlinear Schro¨dinger equation. After redefining the variables and
the coefficients, one can bring the equation above into the standard form (2.1).
From the discussions in the previous subsection, we have seen that the nonlinear
Schro¨dinger equation can be mapped into a KdV equation in the weak coupling limit
1The author would like to thank Alexander Abanov for commenting on this point.
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(g → 0). The corresponding coupling in Eq. (2.72) is g ∼ k−10 , which means that the weak
coupling limit (g → 0) of the nonlinear Schro¨dinger equation corresponds to the UV regime,
i.e. large k0 or ω0, in order for the Ansatz to be valid. Hence, we expect the equivalence
of the nonlinear Schro¨dinger equation and the KdV equation in the UV regime.
In Refs. [12, 13] it was shown that the quantum nonlinear Schro¨dinger equation is
dual to the 2D topological Yang-Mills-Higgs theory. Hence, combining with the previous
discussions, we expect a duality web in the UV regime among the quantum nonlinear
Schro¨dinger equation, the quantum KdV equation and the 2D topological Yang-Mills-
Higgs theory. We will discuss the quantum KdV equation in Section 3 and some aspects
of the duality web in Section 4.
3 KdV Equation
In this section, we first present some aspects of the quantum KdV equation, which was
studied in Ref. [6] and later in some other works [7–9]. Second, we discuss the relations of
the KdV equation (both classical and quantum) with some other theories, e.g. Calogero-
Sutherland model and ILW equation.
3.1 Quantum KdV Equation and Bethe Ansatz Equation
As discussed in Refs. [6, 9], it is more convenient to quantize the classical KdV equation
from its relation with conformal field theory.
For a general conformal field theory, the energy momentum tensor can be expanded as
T (y) = − c
24
+
∞∑
n=−∞
L−n einy , (3.1)
where c is the central charge, and the operators Ln satisfy the Virasoro algebra:
[Lm, Ln] = (m− n)Lm+n + c
12
(m3 −m) δm+n,0 . (3.2)
In the classical limit (c→ −∞), one can make the following replacements:
T (y)→ − c
6
u(y) , [ , ]→ 6pi
ic
{ , } . (3.3)
Consequently, the Virasoro algebra becomes the second Hamiltonian structure of the KdV
equation:
{u(y), u(z)} = 2 (u(y) + u(z)) δ′(y − z) + δ′′′(y − z) . (3.4)
For the quantum KdV equation one can apply the Feigin-Fuchs transformation, which
is the quantum counter-part of the Miura transformation:
− β2T (y) = : ϕ′(y)2 : +(1− β2)ϕ′′(y) + β
2
24
, (3.5)
where
β =
√
1− c
24
−
√
25− c
24
. (3.6)
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ϕ(y) can be expressed in terms of free field operators:
ϕ(y) = iQ+ iPy +
∑
n6=0
a−n
n
einy , (3.7)
and the operators satisfy the Heisenberg algebra:
[Q, P ] =
i
2
β2 , [an, am] =
n
2
β2 δn+m,0 , (3.8)
[Q, an] = 0 , [P, an] = 0 . (3.9)
One can define the following operator for the quantum KdV equation:
Lj(λ) = pij
[
eipiPH P exp
(
λ
∫ 2pi
0
dy
(
: e−2ϕ(y) : q
H
2 E+ : e2ϕ(y) : q−
H
2 F
))]
, (3.10)
where E, F and H now are the generating elements of the quantum universal enveloping
algebra Uq(sl(2)):
[H, E] = 2E , [H, F ] = −2F , [E, F ] = q
H − q−H
q − q−1 (3.11)
with q = eipiβ
2
. The quantum R-matrix is then determined by the quantum Yang-Baxter
equation
Rjj′(λµ
−1) (Lj(λ)⊗ 1)
(
1⊗ Lj′(µ)
)
=
(
1⊗ Lj′(µ)
)
(Lj(λ)⊗ 1)Rjj′(λµ−1) . (3.12)
The transfer matrix can be defined as
Tj(λ) = Trpij
(
eipiPH Lj(λ)
)
, (3.13)
which satisfies
[Tj(λ), Tj′(µ)] = 0 , (3.14)
and also the following functional relation
Tj(q
1
2λ)Tj(q
− 1
2λ) = 1 +Tj− 1
2
(λ)Tj+ 1
2
(λ) , (3.15)
which is the same for the integrable XXZ model.
Using the Feigin-Fuchs transformation one can map the quantum KdV equation into
the quantum mKdV equation, whose algebraic Bethe Ansatz solution was presented in
Ref. [7].2 Following the discussions in Ref. [7], the Bethe Ansatz equation for the lattice
regularized mKdV equation is given by
q−κ+L−4N
(
sin(λj +
iη
2 )
sin(λj − iη2 )
)L
=
N∏
k=1
k 6=j
sin(λj − λk + iη)
sin(λj − λk − iη) , (3.16)
2The Bethe Ansatz equation of a toy model of quantum KdV equation was studied in Ref. [8], and the
Bethe Ansatz equations for a left and right coupled quantum KdV system were discussed in Ref. [9].
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where q ≡ e−η, L and N are the site number and the particle number respectively, and κ
appears in the generating function of the conserved quantities
τ(λ) = tr
(
q−
κ
2
σ3T 1
2
(λ)
)
. (3.17)
Eq. (3.16) is the same as the Bethe Ansatz equation for the spin-12 XXZ chain model with
twisted boundary condition up to a factor [7]:
q−κ
(
sin(λj +
iη
2 )
sin(λj − iη2 )
)L
=
N∏
k=1
k 6=j
sin(λj − λk + iη)
sin(λj − λk − iη) . (3.18)
The spin-12 XXZ chain mode is defined by the Hamiltonian
HXXZ = J
N∑
n=1
(
σ1n σ
1
n+1 + σ
2
n σ
2
n+1 + cos(η)σ
3
n σ
3
n+1
)
. (3.19)
We see that in the limit η → 0 or equivalently q → 1, the Bethe Ansatz equations (3.16) and
(3.18) coincide, and the spin-12 XXZ chain model becomes the spin-
1
2 XXX chain model:
HXXX =
N∑
n=1
(
σ1n σ
1
n+1 + σ
2
n σ
2
n+1 + σ
3
n σ
3
n+1
)
. (3.20)
Moreover, it is known that the lattice nonlinear Schro¨dinger equation can be viewed as a
generalized spin-12 XXX chain model [10, 11]. Hence, we expect that in the small anisotropy
limit η → 0, the Bethe Ansatz equation of the continuous mKdV equation coincides with
the one of the continuous nonlinear Schro¨dinger equation:
e2piiλj
∏
k 6=j
λk − λj + ic
λk − λj − ic = 1 , k = 1, · · · , N. (3.21)
In this case, the parameter η becomes the coupling constant c in the (1+1)D nonlinear
Schro¨dinger equation (2.1) or (2.9), or equivalently the coupling constant g in the (1+1)D
Gross-Pitaevskii equation (2.26). Hence, the small anisotropy limit η → 0 corresponds
to the weak coupling limit (g ∼ c) → 0 for the nonlinear Schro¨dinger equation, which
consequently corresponds to the UV regime based the discussions in Section 2.
3.2 KdV Equation, Calogero-Sutherland Model and ILW Equation
There is an alternative way of obtaining the KdV equation from the Calogero-Sutherland
model and the related the intermediate long wave equation (ILW), which was discussed in
Ref. [15]. We briefly review this perspective of the KdV equation in this subsection.
As discussed in Ref. [15], for the Calogero-Sutherland model (CSM) given by the
Hamiltonian:
HCSM =
1
2
N∑
j=1
p2j +
g2
2
(pi
L
)2 N∑
j,k=1
j 6=k
1
sin2 piL(xj − xk)
. (3.22)
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One can define the complex coordinates ωj(t) = e
i 2pi
L
xj(t) and the auxiliary coordinates
uj(t) = e
i 2pi
L
yj(t), where xj(t) and yj(t) denote real coordinates and auxiliary complex
coordinates respectively. These coordinates determine two new functions:
u1(ω) = g
pi
L
N∑
j=1
ω + ωj
ω − ωj = −ig
N∑
j=1
pi
L
cot
pi
L
(x− xj) , (3.23)
u0(ω) = −g pi
L
N∑
j=1
ω + uj
ω − uj = ig
N∑
j=1
pi
L
cot
pi
L
(x− yj) , (3.24)
where ω = ei
2pi
L
x. It turns out that these new functions satisfy the bidirectional Benjamin-
Ono equation (2BO):
ut + ∂x
(
1
2
u2 + i
g
2
∂xu˜
)
= 0 , (3.25)
where
u = u0 + u1 , u˜ = u0 − u1 . (3.26)
The functions u0 and u1 obey the analyticity conditions
u1(x) analytic for Im(x) 6= 0 ;
u0(x) analytic for |Im(x)| <  with  > 0 , (3.27)
and the reality condition
u1(x) = −u1(x¯) . (3.28)
Assume that ρ(x) and θ(x) are the density field and the velocity field respectively in
the thermodynamic limit N →∞, L→∞, N/L = const. In terms of ρ and v = g∂xθ, one
can define the right-handed and the left-handed chiral fields:
JR,L = v ± g
[
piρ+ ∂x(log
√
ρ)H
]
, (3.29)
where the superscript H denotes the Hilbert transform
fH(x) = −
∫ L
0
dy
L
f(y) cot
pi
L
(y − x) . (3.30)
By setting one of the chiral fields to be constant, e.g. JL = −pigρ0, one obtains from the
2BO equation the nonlinear chiral equation (NLC):
ρt + g
[
ρ
(
pi(ρ− ρ0) + ∂x(log√ρ)H
)]
x
= 0 . (3.31)
On the other hand, with the boundary conditions
u(x− i0) = −J0 + 2g
[
piρ+ i∂x(log
√
ρ)+
]
,
u˜(x− i0) = −J0 − iuH(x− i0) , (3.32)
the 2BO equation (3.25) becomes
ut + ∂x
[
1
2
u2 +
g
2
∂xu
H
]
= 0 , (3.33)
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which is equivalent to the NLC equation, and becomes the conventional Benjamin-Ono
equation (BO) when the deviation of the density is smaller than the average density, i.e.
|ρ − ρ0|  ρ0. Therefore, the NLC equation is a finite amplitude extension of the BO
equation, while the 2BO equation is an integrable bidirectional finite amplitude extension
of the BO equation.
The discussions above can be generalized to the elliptic Calogero model, where the
interaction between particles is the Weierstrass ℘(x|ω1, ω2)-function with a purely real
period ω1 and a purely imaginary period iω2. The Hilbert transform is taken with respect
to a strip 0 < Imx < ω with an imaginary period ω:
fH(x) = −
∫
dx′
1
ω2
coth
1
ω2
(x− x′)f(x′) . (3.34)
In the limit ω2 →∞, the Weierstrass ℘-function becomes 1/sin2(x/ω1), and consequently
the elliptic model becomes the trigonometric model. In the limit ω2 → 0, the interaction
becomes ω2℘(x) → δ(x), and the Hilbert transform (3.34) becomes fH → ω∂xf , which is
local. It turns out that, in the limit ω2 → 0, the BO equation flows to the KdV equation,
while the 2BO equation flows to the nonlinear Scho¨dinger equation, which provides another
link between these two equations. Moreover, the elliptic generalizations of the 2BO and
the BO equation are the bidirectional intermediate long wave equation (2ILW) and the
intermediate long wave equation (ILW) respectively. In particular, the ILW equation is
given by [27]:
ut = 2uux +
1
δ
ux +
1
pi
(
∂2xu
)H
. (3.35)
where the Hilbert transform is given by Eq. (3.34), and the parameter δ is proportional to
the imaginary period ω2 in the elliptic Calogero model in the following way:
δ =
pi
2
ω2 . (3.36)
When δ → ∞, the ILW equation becomes the BO equation, while in the limit δ → 0 the
ILW equation becomes the KdV equation.
For the corresponding quantum version of the theories, the Bethe Ansatz equation
of the ILW equation was studied in Ref. [16] and also through the Bethe/Gauge corre-
spondence in Ref. [17]. Recently, it was generalized to the finite difference case ∆ILW
[18], which can be viewed as the hydrodynamic limit of the elliptic Ruijsenaars-Schneider
model. However, as discussed in Refs. [16, 18], for the moment it is still not very clear how
to obtain the Bethe Ansatz equation of the quantum KdV equation from the one of the
ILW equation by taking an appropriate limit. Although there are some proposals, it is still
an open problem under research.
4 Duality Web
In this section, we first review the duality between the 2D N = (2, 2)∗ U(N) topological
Yang-Mills-Higgs theory and the (1+1)D nonlinear quantum nonlinear Schro¨dinger equa-
tion [12, 13], and then we propose a new duality web among these two theories and the
quantum KdV equation in the UV regime.
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4.1 Review of the Gerasimov/Shatashvili Duality
The 2D N = (2, 2)∗ U(N) topological Yang-Mills-Higgs theory (TYMH) was first con-
structed in Ref. [14]. It is defined by the path integral
ZYMH(Σh) =
1
Vol(GΣh)
∫
Dϕ0Dϕ±DADΦDψADψΦDχ± eS , (4.1)
where
S = S0 + S1 (4.2)
with
S0 =
1
2pi
∫
Σh
d2z
[
Tr (iϕ0(F (A)− Φ ∧ Φ)− cΦ ∧ ∗Φ) + ϕ+∇(1,0)A Φ(0,1)
+ ϕ−∇(0,1)A Φ(1,0)
]
, (4.3)
S1 =
1
2pi
∫
Σh
d2zTr
[
1
2
ψA ∧ ψA + 1
2
ψΦ ∧ ψΦ + χ+
[
ψ1,0A , Φ
(0,1)
]
+ χ−
[
ψ
(0,1)
A , Φ
(1,0)
]
+ χ+∇(1,0)A ψ(0,1)Φ + χ−∇(0,1)A ψ(1,0)Φ
)
. (4.4)
In the absence of the deformation term cTr(Φ ∧ ∗Φ) the theory preserves N = (4, 4)
supersymmetry. For generic values of c 6= 0 the theory preservesN = (2, 2) supersymmetry,
and the N = (2, 2) supersymmetry transformations are given by
QA = iψA , QψA = −Dϕ0 , Qϕ0 = 0 , (4.5)
QΦ = iψΦ , (4.6)
Qψ
(1,0)
Φ = [Φ
(1,0), ϕ0] + cΦ
(1,0) , Qψ
(0,1)
Φ = [Φ
(0,1), ϕ0] + cΦ
(0,1) , (4.7)
Qχ± = iϕ± , Qϕ± = [χ±, ϕ0]± cχ± . (4.8)
This theory can also be understood as the dimensional reduction of the 4D topologically
twisted N = 2 U(N) super Yang-Mills theory with a deformation term.
Using the technique of cohomological localization, one can compute the partition func-
tion of the 2D N = (2, 2)∗ U(N) topological Yang-Mills-Higgs theory exactly:
ZYMH(Σh) = e
(1−h) a(c) ∑
λ∈RN
D2−2hλ e
−∑∞k=1 tk pk(λ) , (4.9)
where pk(λ) is defined as
1
(2pi)k
Trϕk Ψλ(x1, · · · , xN ) = pk(λ) Ψλ(x1, · · · , xN ) , (4.10)
and the factor Dλ is given by
Dλ = µ(λ)
−1/2∏
i<j
(λi − λj)
(
c2 + (λi − λj)2
)1/2
, (4.11)
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while RN denotes the set of λi’s satisfying the Bethe Ansatz equation:
e2piiλj
∏
k 6=j
λk − λj + ic
λk − λj − ic = 1 , k = 1, · · · , N. (4.12)
For the (1+1)D quantum nonlinear Schro¨dinger equation, if we consider the N -particle
sector in the domain x1 ≤ x2 ≤ · · · ≤ xN , the N -particle wave function satisfies the
equation (
−1
2
N∑
i=1
∂2
∂x2i
)
Φλ(x) = 2pi
2
(
N∑
i=1
λ2i
)
Φλ(x) , (4.13)
where λi denotes the momentum of the i-th particle, which satisfies the same Bethe Ansatz
equation:
e2piiλj
∏
k 6=j
λk − λj − ic
λk − λj + ic = 1 , j = 1, · · · , N, (4.14)
as we have discussed in the previous section.
From this analysis, we see the equivalence between the wave function of the 2D
N = (2, 2)∗ U(N) topological Yang-Mills-Higgs theory and the wave function of the (1+1)D
quantum nonlinear Schro¨dinger equation in the N -particle sector. Hence, the duality be-
tween these two theories at quantum level is implied.
4.2 Duality Web with Quantum KdV Equation
Based on the discussions in Section 2 and 3, we can incorporate the quantum KdV equation
into the duality discussed in Refs. [12, 13], which is briefly reviewed in the previous sub-
section. In the UV regime, the classical (m)KdV equation is dual to the classical nonlinear
Schro¨dinger equation, while the quantum (m)KdV equation and the quantum nonlinear
Schro¨dinger equation share the same Bethe Ansatz equation as the continuum limit of the
spin-12 XXZ chain in the small anisotropy limit (η → 0) or the continuum limit of the
spin-12 XXX chain.
Quantum 
NLS
Topological 
YMH
Quantum 
KdV
Figure 1. The duality web in the UV regime
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To summarize, in the UV regime we have not only the duality between the nonlinear
Schro¨dinger equation and the 2D N = (2, 2)∗ topological Yang-Mills-Higgs theory, but
also a duality web among the nonlinear Schro¨dinger equation, the KdV equation, the 2D
N = (2, 2)∗ topological Yang-Mills-Higgs theory, with the duality between each of them.
Schematically, the duality web can be shown in Fig. 1.
5 Discussion
In this paper we discussed the relation between the (1+1)D nonlinear Schro¨dinger equation
and the KdV equation both at the classical level and at the quantum level. We see that
they share many properties especially in the UV regime. Some connections with the 2D
N = (2, 2)∗ topological Yang-Mills-Higgs theory were also discussed.
There are many open problems that deserve more detailed research in the future.
First, we would like to analyze the integrability of the full dual model obtained from
the boson/vortex duality of the nonlinear Schro¨dinger equation. Also, besides the bulk
theory, the matrix model obtained by including the boundary into the dual model is also
worth studying. To understand this new matrix model can possibly deepen our previous
knowledge on the KdV equation as a matrix model.
As we mentioned in Section 3, it is still not very clear how to obtain the quantum KdV
equation by taking an appropriate limit of the intermediate long wave equation (ILW). It
would be very interesting to have a better understanding on this problem, which will conse-
quently allow us to study the quantum KdV equation and understand its relation with the
nonlinear Schro¨dinger equation in the gauge theory via the Bethe/Gauge correspondence.
It is known that a great amount of integrable models can be obtained from dimen-
sional reduction of the 4D self-dual Yang-Mills theory [28]. In particular, the nonlinear
Schro¨dinger equation and the KdV equation belong to the same class in the dimensional
reduction. This approach may provide us with a new perspective of the relation between
these two theories, i.e., the correspondence can be understood in a geometrical way.
Moreover, it was suggested in Ref. [12] to use the Nahm transform to understand
the duality between the nonlinear Schro¨dinger equation and the topological Yang-Mills-
Higgs theory. Based on the discussions in this paper, it is natural to expect that one can
also repeat the Nahm transform analysis for the KdV equation, which we would like to
investigate in the future.
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